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The development of spatial patterns (“Ñow distributed oscillations Ï) in a model representing the chlorine
dioxideÈiodineÈmalonic acid (CDIMA) reaction is investigated analytically and numerically. Flow distributed
oscillations arise in a plug-Ñow reactor (PFR) for which the inÑow concentrations of the various reacting
species are maintained at appropriate constant values. Unlike other situations, the patterning here does not
require any di†erence in di†usion coefficients for the di†erent species. The patterns are, however, closely
related to operating conditions for which the same chemical system would show temporal oscillations in a
well-stirred batch reactor. As the Ñow rate through the PFR is varied, the system undergoes a sequence of
transitions from absolute to convective instability and subsequently to stationary patterns. The onset of
stationary patterns is found to be subcritical, so there is a range of operating conditions for which there is
bistability between a stationary pattern and an essentially uniform state. The results indicate that these
patterns occur for conditions that should be realisable experimentally and that typical wavelengths of the
patterns would be of the order of 0.1 mm.

1. Introduction

The spontaneous formation of spatial structure (non-uniform
concentration distributions) in reacting chemical systems
exhibiting feedback kinetics is an active area of current
research.1,2 The most well-known mechanism for the gener-
ation of such structure is, perhaps, the “di†usion-drivenÏ or
Turing instability3 through which the uniform steady state
becomes unstable to spatial perturbation of some appropriate
wavelength. This mechanism relies on selected species
(generally the feedback species) having a reduced mass di†usi-
vity compared to other reacting species. In the “di†erential
Ñow induced chemical instability Ï (DIFICI), spatial patterns
may develop if any one of the important reacting species has a
reduced di†usivity.4,5 Di†erential di†usion or Ñow is not,
however, a necessary requirement for pattern formation. The
Couette reactor, for instance, supports patterns under condi-
tions for which all species have essentially the same mass
transport characteristics6h11 (typically represented by an
enhanced di†usion coefficient12).

Very recently, Kuznetsov et al. have proposed13 a pattern-
formation mechanism which also operates with equal di†usi-
vities. The experimental conÐguration envisaged is simply that
of a reactor along which the reacting mixture is Ñowed at
some constant velocity. The concentrations at the inÑow are
maintained at some Ðxed value but then may vary in space
(and time) along the reactor. Such “plug Ñow reactors Ï are of
widespread use in industry. The kinetic parameters within the
reactor for the conditions of interest are such that the same
reaction in a well-stirred batch reactor would show a sponta-
neous oscillatory response. The spatial patterns that arise in
the plug-Ñow reactor have been termed “Ñow distributed
oscillations Ï (FDO). Kuznetsov et al. and Andresen et al.
determined the conditions13,14 for such pattern formation
through analysis and computation based on the classic Bruss-
elator model for chemical oscillations. Kaern and Menzinger
demonstrated this phenomenon experimentally,15 exploiting

the BelousovÈZhabotinsky (BZ) reaction and using the
outÑow from a well-stirred Ñow reactor operating under
steady state conditions to provide the input to the plug Ñow
reactor. The BZ reaction is an excitable system with two dis-
tinct time scales for the evolution of the relevant species con-
centration, and thus is typically somewhat di†erent in
character from Brusselator-type systems, but this work clearly
established this e†ect as a real feature.

In the present paper, we study the conditions for FDO in a
model of a real chemical reaction which exhibits oscillatory
behaviour more characteristic of Brusselator-type instabilities,
i.e. the chlorine dioxideÈiodineÈmalonic acid (CDIMA)
reaction16 (which is also the system for which experimental
examples of Turing patterns have been obtained17,18). We
show that FDO patterns are predicted over a range of experi-
mental conditions for this reaction, with other spatiotemporal
behaviour predicted outside these conditions. Despite the
expected qualitative similarities of the response of the CDIMA
and Brusselator systems, we observe a signiÐcant di†erence
close to the onset of FDO.

The model and governing equations are presented and
reduced to an appropriate dimensionless form in section 2.
The resulting equations are analysed on an inÐnite spatial
domain in section 3, which provides the main results for the
predicted instability loci. We address the stability of the inÑow
or boundary conditions in section 4, and then present our
computational results in section 5.

2. Model and governing equations
The experimental conÐguration comprises an essentially 1-D
plug-Ñow reactor (PFR) along which the reacting mixture
Ñows with a uniform velocity The inÑow to the reactor is/6 P .
provided by the outÑow from a continuous-Ñow, well-stirred
tank reactor (CSTR) through which the solution has a Ñow
rate We assume that the reaction follows the LengyelÈ/6 C .
Epstein model19,20 for the CDIMA reaction. In this reaction,
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the reactor is supplied with reactants malonic acid (MA), chlo-
rine dioxide and iodine The important interme-(ClO2) (I2).diate species concentration are iodide I~ and chlorite ClO2~ions, and these participate in the following three component
stoichiometric processes :

MA] I2 ] IMA ] I~] H`

r1 \
k1a[MA][I2]
k1b ] [I2]

(1)

ClO2] I~] ClO2~] 12I2
r2\ k2[ClO2][I~] (2)

ClO2~] 4I~] 4H`] Cl~] 2I2 ] 2H2O

r3 \
k3b[ClO2~][I2][I~]

k3c ] [I~]2
(3)

The concentrations of the “pool chemical Ï reactants MA, ClO2and will be taken as imposed constants or parameters andI2the products IMA and Cl~ will not be considered explicitly.
For the PFR, the governing mass-balance equations can be

written in the form:

du6
dt6

] /6 P
du6
dx6

\ D1 u
d2u6
dx6 2

] r1 [ r2 [ 4r3 (4a)

dv6
dt6

] /6 P
dv6
dx6

\ D1 v
d2v6
dx6 2

] r2[ r3 (4b)

where and are the concentration of I~ and respec-u6 v6 ClO2~tively and represent the di†usion coefficients for theseD1 u, vspecies (see list of symbols in Table 1). These equations can be

written in the following dimensionless form:

du
dt

] /P
du
dx

\
d2u
dx2

] 1 [ u [
4uv

b ] u2
(5a)

dv
dt

] /P
dv
dx

\ p
d2v
dx2

] a
A
u [

uv
b ] u2

B
(5b)

(see list of symbols in Table 2). This scaling is consistent with
that introduced in our previous paper12 but di†ers slightly
from that adopted by Lengyel and Epstein.19,20 The param-
eter p is the ratio of the di†usion coefficients for the two
species. To exclude speciÐcally any possibility of spatial insta-
bilities arising through the Turing mechanism, we will take
p \ 1 throughout this work. The parameter a is e†ectively a
scaled ratio of the inÑow concentration of to that of MAI2and, along with the dimensionless Ñow velocity will be/P ,
treated as an experimental control (or bifurcation) parameter.
The parameter b will be treated as a small Ðxed constant with
b \ 10~4 throughout.

Eqn. (5) holds over a reactor of dimensionless length L and
is subject to imposed boundary conditions at x \ 0 and
x \ L . The “ inÑowÏ boundary conditions at x \ 0 are set by
the concentrations of the intermediate species in the CSTR.
These are governed by the following mass-balance equations :

duC
dt

\ 1 [ uC [
4uC vC
b ] uC2

[ /C uC (6a)

dvC
dt

\ a
A
uC [

uC vC
b ] uC2

B
[ /C vC (6b)

We assume that these impose the values of the variables at
x \ 0, namely

u \ uC , v\ vC at x \ 0 (7)

Table 1 List of symbols used for physical parameters

Symbol Meaning Units

D1 u, v di†usion coefÐcient of I~ and ClO2~ m2 s~1
l6ref \JDt6 ref , reference length scale m
t6 time s

t6 ref \
1

k2[ClO2]0
, reference time scale s

u6 , v6 concentration of I~, ClO2~ mol dm~3
x6 distance m
/6 C inverse residence time in CSTR s~1
/6 P Ñow velocity in PFR m s~1

Us \
k1a[MA][I2]

k2[ClO2](k1b ] [I2])
, reference concentration for I~ mol dm~3

Vs \
(k1a[MA])2[I2]

k3b k2[ClO2](k1b ] [I2])2
, reference concentration for ClO2~ mol dm~3

Table 2 List of symbols used for dimensionless parameters

Symbol DeÐnition Meaning

D1 u, v
D1 u, v

k2[ClO2]l
6
ref2

dimensionless di†usion coefÐcients

t t6 /t6 ref dimensionless time
u u6 /Us dimensionless concentration of I~
v v6 /Vs dimensionless concentration of ClO2~x x6 /l6ref dimensionless distance
a Us/Vs dimensionless kinetic parameter
b k3c/Us2 dimensionless kinetic parameter

/C
/6 C

k2[ClO2]
dimensionless inverse residence time for CSTR

/P
/6 P

k2[ClO2]l
6
ref

dimensionless Ñow velocity in PFR

i dimensionless wavenumber
j 1/i dimensionless wavelength
u0 dimensionless oscillatory period of batch reactor system
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for the PFR. Eqn. (6) admits a single physically acceptable
steady state solution satisfying(uCss , vCss) duC/dt \dvC/dt \ 0
in the CSTR, and if this steady state is stable (see section 4) we
can impose

u \ uCss , vCss at x \ 0 (8)

At the outÑow of the PFR, we adopt zero-Ñux boundary
conditions so there is no mass transfer back into the PFR

du/dx \ dv/dx \ 0 at x \ L . (9)

We shall assume that the dimensionless length of the reactor
L is large and, for the theoretical analysis in the next section,
we shall assume the boundary condition (9) applies as x ] O.

3. Linear stability analysis for PFR
We begin our analysis by determining the spatially uniform
steady-states of eqn. (5). The system possesses a single steady
state satisfying(us , vs)

1 [ us[
4us vs

b ] us2
\ us[

us vs
b ] us2

\ 0 (10a)

giving

us \ 15, vs \ 125 ] b (10b)

A straightforward local stability analysis of the reaction rate
equations for a corresponding well-stirred batch system with
the same kinetics reveals a Hopf bifurcation at witha \ aH

aH \ 35 [ 25b (11)

The uniform steady state for the batch system is then stable
for It is also important here to note that the Hopfa [ aH .
bifurcation for this system is subcritical for b \ 2.9] 10~3
and supercritical for larger values of b. In the present paper,
we will typically take b \ 10~4, so the bifurcation is sub-
critical in this case.

The stability of the PFR can be determined by introducing
a small perturbation (U, V ) of the form u \ us] U, v\ vsleading to the linearised equations] V ,

dU
dt

] /P
dU
dx

\
d2U
dx2

] j11U ] j12 V (12a)

dV
dt

] /P
dV
dx

\
d2V
dx2

] j21U ] j22 V (12b)

where the coefficients are the elements of the Jacobianj
ikmatrix J evaluated at the steady state :

J \

13 [ 125b
1 ] 25b

2a
1 ] 25b

[20

1 ] 25b
[5a

1 ] 25b

2
(13)

We seek a solution of eqn. (12) in the form of the normal
modes

U \ A ei(ix~ut), V \ B ei(ix~ut) (14)

where A and B are constants. Substitution of these forms into
eqn. (12) leads to the conditions

([iu] ii/P] i2[ j11)A[ j12B\ 0 (15a)

[j21A] ([iu] ii/P ] i2 [ j22)B\ 0 (15b)

A non-trivial solution for A and B will exist only if u satisÐes
the dispersion relation :

D(i, u)4 u2 ] M(2i2[ Tr)i[ 2i/PNu [ i4

[ 2i/P i3 ] (/P2 ] Tr)i2] i/P Tr i [ *\ 0 (16)

where

Tr \ j11] j22 and *\ j11 j22[ j12 j21 (17)

are the trace and determinant of the Jacobian matrix J.

3(a) Absolute and convective instability

A spatially distributed system is convectively unstable if a
small perturbation induces a local growth away from the spa-
tially uniform steady-state, but that disturbance then propa-
gates forwards as a wave packet growing in size and with a
deÐnite “ front Ï and “backÏ. At any given location, the system
experiences a Ðnite disturbance from the spatially uniform
steady state as the wave front arrives but later returns to this
spatially-uniform state as the wave back passes. In contrast,
we can say that the system is absolutely unstable in the present
context if the wave packet propagates with a front but no
“backÏ (formally the wave back propagates in the opposite
direction to the front) so perturbations initially increase expo-
nentially in time at any Ðxed point in the laboratory frame
and the system does not return to the uniform steady state
after it has been disturbed.

The condition for the transition between absolute and con-
vective instability in the present system can be determined
from the dispersion relation.21 We begin by determining the
group velocity du/di. From eqn. (17)

u(i) \ 12M2i/P [ i(2i2 [ Tr) ^ J4*[ Tr2N (18)

Di†erentiating this with respect to i, we seek such thati \ i0
du(i)

di
K
i/i0

\ 0 (19)

This gives

i0 \ [ 12i/P (20)

Substitution of this result into eqn. (18) then gives

u(i0) \ 12Mi(Tr[ 12/P2) ] J4*[ Tr2N (21)

The condition for the transition from absolute to convective
instability is given by [so that the correspond-Im(u(i0))\ 0
ing real part governing the time dependence of the exponent
in eqn. (14) becomes zero]. If we assume the term in the dis-
criminant in eqn. (21) is positive, then this becomes simply

where/P\ /AC ,

/AC\ J2Tr (22)

In terms of the dimensionless experimental parameters of the
LengyelÈEpstein model, this becomes :

/AC \
S2(3 [ 5a [ 125b)

1 ] 25b
(23)

The locus of this bifurcation is shown in the parameter/PÈa
plane in Fig. 1 : the system is absolutely unstable below this
locus and convectively unstable immediately above it.

For to be real, we require Tr(J) [ 0, which is equivalent/ACto requiring as given by eqn. (11), i.e. the system musta \ aHbe below the Hopf bifurcation point (in the region of
instability) of the equivalent ordinary di†erential equation
model. The locus can be continued at small a for which the
discriminant in eqn. (21) becomes negative, corresponding to
a ^ 0.07 in Fig. 1. In this case, there are then two roots corre-
sponding to the lower of which is the relevantIm(u(i0))\ 0,
one. This section of the locus is continuous with eqn. (23),
although the slope is discontinuous, and has as a ] 0./AC] 0

The velocities and of the front and back of the wavec
`

c~packet can be calculated, following Huerre,22 from the
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Fig. 1 Loci for di†erent stability boundaries in the parameteraÈ/Pplane showing regions of di†erent responses. The region of bistability
between the steady stationary patterns and the convectively unstable
state, as determined by direct numerical computations, is also indi-
cated.

Doppler e†ect to yield

c
B

\ /P ] J2Tr \ /P ^
S2(3 [ 5a [ 125b)

1 ] 25b
(24)

The lower root, is positive for the convective instabilityc~ ,
and is negative in the region of absolute instability.

3(b) Stationary patterns

The condition on the dispersion relation for a transition to a
stationary pattern is u\ 0 with Im(i)\ 0, so the pertur-
bation has the form eiix with a purely imaginary exponent.
Setting u\ 0 in eqn. (17) yields

i4] 2i/Pi3[ (Tr ] /P2)i2 [ i Tr /Pi ] *\ 0 (25)

Setting the imaginary part equal to zero yields the condition

i \ J12Tr(J) (26)

for the bifurcation to stationary patterns. This result can be
substituted in eqn. (25) which, on rearrangement, then yields
the critical Ñow velocity /P, cr :

/P, cr \
S4*[ Tr2

2Tr
(27)

in general terms, with

/P, cr\
S100a(1] 125b)[ (3[ 5a [ 125b)2

2(3[ 5a [ 125b)
(28)

for the present model. This locus is also shown on Fig. 1, and
we expect stationary patterns to exist above the curve. We
may note that is deÐned only for (Tr[ 0) given/P, cr a \ aHby eqn. (11), with as so again this spatial/P, cr] O a ] aH ,
structure is observable only for operating conditions for which
the equivalent well-stirred batch reactor would be in its oscil-
latory mode.

4. Boundary conditions at x = 0

For reaction in a PFR of Ðnite length, we must consider the
boundary conditions. In particular, we must consider the con-

Fig. 2 Regions of stability and instability for the CSTR in the aÈ/Cparameter plane. All computations in this paper are made of param-
eter values lying within the stable region so the steady-state boundary
condition for the PFR is stable.

ditions imposed at the inlet to the PFR at x \ 0 by the
dynamics of the CSTR. The CSTR has a steady state
satisfying in eqn. (6). The local stability ofduC/dt \dlC/dt \ 0
this state can be determined by standard methods. These
reveal a Hopf bifurcation locus in the plane of the form/CÈa
shown in Fig. 2. The important feature here is that by choos-
ing the steady state for the CSTR is stable for all/C Z 0.414,
a. We also note that for the parameter values to be used in
our numerical integrations below, namely a \ 0.5 and a \ 0.1,
the steady state in the CSTR is stable for and for/C [ 0.149

respectively./C[ 0.33

5. Numerical computations

The analysis of Section 3 has indicated the existence of at least
Ðve main regions of dynamical behaviour in the param-/PÈa
eter plane (Fig. 1). In this section we describe the computed
behaviour observed as is varied for two di†erent values of/Pa, namely for a \ 0.5 and for a \ 0.1. In each case, we take
b \ 10~4. To reduce the number of parameters in the system,
we choose here to allow the value of to vary so that/C /C\

(This latter condition is chosen merely for convenience,/P .
and the behaviour reported does not depend on keeping these
two dimensionless groups exactly equal.) The boundary condi-
tion at x \ 0 corresponds to the appropriate (stable) steady
state for the CSTR. Note that for both these sets of results, the
kinetic parameters are such that the corresponding well-
stirred batch reactor would exhibit an oscillatory response.

The reactionÈdi†usionÈadvection equation (5) subject to
boundary conditions (8) and (9) were solved numerically using
a standard algorithm for solving the non-linear parabolic
system based on the CrankÈNicolson method with NewtonÈ
Raphson iteration to solve the non-linear Ðnite-di†erence
equations as described in a previous paper.12 The reactor
length is set typically at L \ 100 with a grid size of 1000 mesh
points. The initial condition is taken to be the spatially
uniform state, eqn. (10). The boundary condition (8) does not,
in general, match this steady state and so introduces a con-
stant “perturbationÏ at x \ 0 which is maintained for all t [ 0.

5(a) Behaviour for a = 0.5

With a \ 0.5, the transition from absolute to convective insta-
bility, eqn. (23), occurs at The response for a/P\ /AC \ 0.99.
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Fig. 3 SpaceÈtime plots showing the concentration u for a system with a \ 0.5 at various (a) corresponding to region of/P : /P \ 0.5\/AC ,
absolute instability ; (b) showing a convectively unstable system; (c) lying within a convectively unstable region but showing/P\ 2.0, /P \ 5.0,
stable stationary pattern ; and (d) showing stable stationary pattern./P\ 8.0,

system with is shown as a space-time contour/P \ 0.5\/ACplot in Fig. 3(a). This response illustrates an absolute insta-
bility. The initial state of the system corresponds to the red
colour. The perturbation provided by the boundary condition
at x \ 0 leads to the development of a wave that propagates
as a front into the PFR. The wave can be seen to develop fully
from t D 25 at a location with x D 15. The front propagates at
a characteristic velocity leading to a sharp interface with a
slope corresponding to the velocity. The predicted wave front
velocity from eqn. (24) is agreeing well with thec

`
\ 1.49,

observed slope. Behind the wave front, the system moves away
from the initial state. The system eventually appears to
approach a spatially uniform oscillation about the unstable
steady state as revealed by the redÈyellowÈgreen horizontal
banding at long time, although a narrow boundary layer in
the vicinity of the imposed (stable) boundary condition at
x \ 0 persists.

For Fig. 3(b), the system is convectively unstable./P \ 2.0,
The perturbation induces a propagating front ahead of a
growing wave packet. At the rear of this wave packet,
however, the system returns to the spatially uniform steady
(red) state given by eqn. (10b). The di†erent velocities of the
front and rear of the wave packet are indicated by the di†er-
ent slopes on the space-time plot, and again agree well with
the predicted values of and from eqn.c

`
\ 2.99 c~\ 1.01

(24). Again, a small region of steady spatial structure at small
x is now stabilised by the boundary condition imposed at
x \ 0.

The transition from convective instability to stationary pat-
terns is predicted from eqn. (28) to occur at /P\ /P, cr \ 7.15.
Space-time plots for systems with and/P\ 5.0\ /P, cr /P \

are shown in Figs. 3(c) and (d) respectively. For the8.0[/P, crlatter, a stable stationary standing-wave structure is estab-
lished following the passage of the initial perturbation wave,
with a characteristic wavelength j \ 13.8. Somewhat sur-
prisingly, a stable stationary pattern, with j \ 8.6, is also
observed for the system with even though this lies in/P \ 5.0
the region below the transition locus in Fig. 1.

To investigate this observation further, the evolution of the
steady spatially periodic solutions emerging from the Hopf
bifurcation point given by eqn. (28) was determined by inte-
grating the steady versions of eqn. (5) backwards in x starting
by making a small perturbation to the steady state (10b) and
integrating until a fully periodic solution (in x) was achieved.
These steady solutions were followed as a function of the
parameter starting close to This reveals that, for the/P , /P, cr .LengyelÈEpstein model under the present conditions, the
bifurcation has a subcritical character in a similar way that it
has in the well-stirred batch system. The output from the
numerical integrations is combined with the computed ampli-
tudes for the stable stationary pattern at di†erent values of /Pto produce the bifurcation diagram shown in Fig. 4. There is a
turning (saddle-node) point in the stationary pattern locus at

at which stable and unstable branches merge./PB 4.98
(Direct numerical integration indicates the existence of a
stable pattern at but not at 4.98.) Thus, over the/P \ 4.99
range ca. there are coexisting stable and5.0\/P \ 7.15
unstable stationary patterns and a convectively unstable spa-
tially uniform state.

Further conÐrmation of the coexistence of the two attract-
ing states can be obtained in the following manner. The
boundary condition at x \ 0 can be put equal to the spatially
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Fig. 4 Plot of amplitude of stationary pattern as a function of
dimensionless Ñow rate showing subcritical nature of Hopf bifur-/Pcation at with an unstable pattern emerging and growing/P \/P, cras is decreased. This branch of solutions coexists with a branch of/Pstable stationary patterns over the range ca. 5.0 \/P \ 7.15.

uniform steady state of the PFR onto which some per-(us , vs)turbation du or dv is added. By varying the magnitude of this
perturbation we may seek a “critical Ï case separating those
conditions which are attracted to the convectively unstable
state from those attracted to the coexisting stationary pattern.
The long-time structure in the PFR for a system with /P\

such that and and subject to an initial5.0, us\ 0.2 vs \ 0.04
condition corresponding to andu(x \ 0)\ us ] du v(x \ 0) \

with du \ 0.09 and 0.095, is shown in Figs. 5(a) and (b)lsrespectively. In the former case, the long-time structure corre-
sponds to the convectively unstable system, with a prominent
boundary structure at low x but an approach to the spatially
uniform state which has been re-established following(us , vs)the passage of the initial wave packet. In the latter case, the
system approaches the coexisting stationary pattern. The two
initial perturbations thus lie in the di†erent basins of attrac-

tion of the two coexisting attractors. A similar feature is
shown in Figs. 5(c) and (d) corresponding to slightly di†erent
initial perturbations in v, with initial conditions u(x \ 0)\ usand with dv\ 0.015 and 0.020 respectively,v(x \ 0) \ vs] dv
bracketing the critical initial perturbation separating the two
attracting states.

The subcritical nature of this bifurcation appears to persist
over a wide region in the parameter plane, and the region of
coexistence of the two attractors is indicated in Fig. 1. This
response is in contrast to the supercritical nature of this bifur-
cation for the Brusselator model as determined by Andresen
et al.14 The di†erence in the nature of this bifurcation for the
two systems might have been expected from the same di†er-
ence in the nature of the bifurcation to temporal oscillations
in the corresponding well-stirred batch reactor models.
However, we may also note that the GrayÈScott model,23
which is closely related to the Brusselator scheme and has a
supercritical Hopf bifurcation in the well-stirred case, is
similar to the present model in that it shows a subcritical
bifurcation between the convectively unstable and stationary
pattern states in this conÐguration.

At large the region of bistability penetrates into the/P ,
region with indicating that for this system, Ñow-a [ aH ,
distributed oscillations can be obtained for parameter values
beyond those for which the corresponding well-stirred batch
reactor is oscillatory.

5(b) Variation of wavelength with Ñow velocity

The variation of the observed wavelength of the stationary
pattern with the Ñow velocity parameter for a system with/Pconstant a \ 0.5 is shown in Fig. 6(a). The wavelength varies
linearly with The solid line superimposed on the data/P .
points is not a “best-Ðt Ï line but is given by wherej \ /P/u0is the oscillatory frequency for the corresponding well-u0stirred batch system with the same values of a and b. This

Fig. 5 Demonstration of coexistence of convectively unstable and steady stationary pattern states showing evolution from di†erent initial
conditions for a system with (a) and evolving to a proÐle with damped spatial oscillation approaching the/P \ 5.0 : u(x \ 0)\ us ] 0.090 v\ vsspatially uniform steady state ; (b) same parameter values as (a) but with evolving to stationary pattern ; (c) v(x \ 0)\u(x \ 0)\ us] 0.095

evolving to a proÐle with damped spatial oscillation approaching the spatially uniform steady state ; and (d) same parameter values asvs] 0.015
(c) but with evolving to stationary pattern.v(x \ 0)\ vs] 0.020
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Fig. 6 (a) Variation of observed wavelength for stable stationary
pattern solution with Ñow rate parameter (data points). The/Pstraight line is given by where is the oscillatory fre-j \/P/u0 u0quency of the equivalent batch system. (b) Representation of the
system at large showing how oscillations along the characteristics/Plead to a stationary pattern arising in the XÈt frame.

reveals the essential nature of “Ñow-distributed oscillations Ï as
observed previously in both computation14 and experiment.15
Kuznetsov et al. comment13 on the similarity both of this
relationship and of the general mechanism for stationary
pattern formation for FDO with that for the emission of
VaviloÈCherenkov radiation24 associated with the propaga-
tion of a charged particle in a medium of refractive index n at
a velocity v exceeding the local velocity of light c/n.

The variation of pattern wavelength with Ñow rate is
expected from eqn. (5) with large. Writing in eqn./P x \/PX(5) and then letting we obtain/P ] O,

du
dt

]
du
dX

\ 1 [ u [
4uv

u2 ] b
,

dv
dt

]
dv
dX

\ a
A
u [

uv
u2] b

B
(29)

The di†usion terms, of in this scaling, have beenO(/P~2)
neglected. If eqn. (29) are now written in terms of the charac-
teristic coordinate s, we obtain the ordinary di†erential equa-
tions

du
ds

\ 1 [ u [
4uv

u2] b
,

dv
ds

\ a
A
u [

uv
u2 ] b

B
(30)

where s measures distance along a characteristic t [ X \ t
where m is a constant for each characteristic.[ /P~1x \ m,

Eqn. (30) are equivalent to the governing reaction rate equa-
tions for this model in a well-stirred batch reactor with the
distance s replacing time t.

The “ initial conditionÏ for the characteristic eqn. (30) are
supplied by the “boundary conditions Ï for the PFR at x \ 0,
i.e. u and v take the same constant values. Thus the dynamics
along each characteristic is exactly the same, at least for each
characteristic with m P 0. (For characteristics with m \ 0, the
initial conditions for eqn. (30) are the initial state of the PFR,

with u and v then remaining constant at theseu \ us , l\ ls ,values along the characteristics.) Hence, the initial disturbance
propagates into the system along the characteristic m \ 0 with
a speed in the limit of large Furthermore, if a has a/P /P .
value corresponding to conditions such that the batch system
is oscillatory, the initial conditions produce the oscillatory
response here (measured in s). As the same initial condition
holds along each characteristic, the result is a steady pattern
in xÈt space, as illustrated in Fig. 6(b). This explanation gives
the result shows the “Ñow distributedÏ nature ofju0 \ /P ,
these patterns and conÐrms that they can only arise if the
kinetics are in their oscillatory model. Finally, we note that
although di†usion is neglected in this analysis, it is essential in
driving the instability of the uniform state to patterns.

5(c) InÑuence of boundary at x = 0

The stabilising inÑuence of a steady state condition imposed
at the inÑow to the PFR at x \ 0 on the otherwise unstable
dynamics within that reactor can be illustrated numerically,
by allowing a stationary pattern to develop as in the previous
section, but then to change the boundary condition to match
that of the uniform steady state of the PFR.(us , ls)The space-time plot for a system with a \ 0.5 and /P\ 8.0
is shown in Fig. 7. The CSTR boundary conditions are
applied up to a time during which time a station-t \ t1 \ 40,
ary pattern is established. At the boundary condition ist \ t1,adjusted to The system responds with the collapse of(us , vs).the stationary pattern and approaches the uniform steady
state, even though this is unstable under batch conditions. The
CSTR steady state boundary conditions are re-imposed at

Fig. 7 Response of stationary patterns to change in boundary condi-
tions at x \ 0. The steady state for the CSTR is applied up to t \ 40
and then replaced by the uniform steady-state values for t \ 40 to
t \ 80, during which time the stationary pattern collapses. The sta-
tionary pattern is re-established when the CSTR boundary conditions
are re-applied at t \ 80.
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and the stationary pattern is re-establishedt \ t2\ 80
throughout the PFR. Again the pattern develops in the wake
of a front propagating from the boundary through the reactor.

5(d) Behaviour for a = 0.1

For a \ 0.1, the loci for the absolute-to-convective instability
and the onset of stationary patterns have crossed, see Fig. 1.
This creates a new region lying between and/P\ 0.88 /P\

to be investigated. SpaceÈtime plots for this case are2.23
shown in Fig. 8. For the system lies in the region of/P \ 0.5,
absolute instability. The resulting spaceÈtime plot, Fig. 8(a),
reveals a propagating front that takes the system from the
uniform initial state to an oscillatory state. For short times
after the passage of the front, there is a distribution of the
phase of the oscillation along the PFR, but over time, this
phase gradient disappears and the system tends towards a
spatially homogeneous oscillation over almost the whole of
the reactor (except for a very narrow boundary layer in the
vicinity of x \ 0).

With the system lies above the Hopf locus for sta-/P\ 1.5,
tionary patterns, but below the locus for the change from
absolute to convective instability. Again, there is an initial
front which takes the system from the uniform initial state,
Fig. 8(b), and leaves behind an oscillatory state with distinct
phase gradient along the PFR. There follows a “dispersionÏ of
this phase gradient and the system eventually tends to that of
a spatially uniform oscillation at long time over the majority
of the reactor. There is evidence of a narrow “boundary layer Ï
region of a stationary pattern over the range but0 \ x [ 8,
the pattern does not extend beyond this into the reactor. [In

both Figs. 8(a) and (b) there is faint evidence for the propaga-
tion of a second “waveÏ at a lower velocity than the initial
front and which is associated with the change in the phase
gradient.]

With Fig. 8(c), the initial wave again sets up a/P\ 2.0,
temporal oscillation with a spatially distributed phase. In this
case, however, there is clearly a second “event Ï propagation
behind this front and which now converts the temporal oscil-
lation to a stationary pattern. This second “waveÏ does not
correspond to the “wave backÏ with velocity from eqn. (24)c~as for these parameter values. The setting up of sta-c~\ 0
tionary patterns in this case is again indicative of the sub-
critical nature of this bifurcation : the subcritical nature seems
to persist for all a. Another interesting feature of the space-
time behaviour in this region before the stationary pattern is
that the contour lines can develop a negative slope over some
parts of the reactor, indicating that the oscillation is propagat-
ing back up the tube, in the direction of decreasing x. Such
behaviour has also been reported experimentally for the BZ
system.

Finally, for which lies above the boundary for the/P\ 2.5,
change from absolute to convective instability, the initial front
moves the system from the uniform state directly into a sta-
tionary pattern, Fig. 8(d), as before, although now with a
much longer wavelength.

6. Discussion and conclusions
Chemical patterns do not require elaborate chemical complex-
ity or unusual mass transport characteristics. “Flow-

Fig. 8 SpaceÈtime plots showing the concentration u for a system with a \ 0.1 at various (a) corresponding to region of/P : /P \ 0.5\/AC ,
absolute instability ; (b) system lies above the Hopf curve but below that for the convective instability ; (c) leading to ultimate/P \ 1.5, /P \ 2.0,
formation of a stable stationary pattern ; and (d) showing direct formation of stable stationary pattern from initial state./P\ 2.5,
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distributed oscillations Ï arise in the simplest of open
systemsÈthe plug-Ñow reactor. The only requirements are
that the kinetic parameters should be such that the system
would support sustained oscillations in a well-stirred batch
reactor and the imposition of a Ðxed boundary condition at
the reactor inlet. There is no requirement for di†erential di†u-
sion or di†erential Ñow. Above some critical Ñow velocity, the
system will self-organise to stabilise a stationary pattern struc-
ture with the wavelength of the pattern determined by the
Ñow velocity and the period of the autonomous chemical
oscillation. Even for Ñow rates below this critical value, inter-
esting spatiotemporal responses arise, with absolute or con-
vective instabilities. (The latter is also of interest in that the
system eventually approaches an essentially uniform stable
steady state even though that state would be unstable in the
absence of the boundary conditions. The stabilising e†ect of
the boundary conditions is clearly demonstrated in the
present work : a similar “penetration e†ect Ï has also been
reported earlier by Orteleva and Ross25 in a di†erent chemical
pattern formation context.)

The results and analysis presented above indicate that
absolute and convective instabilities and stationary patterns
may develop for a reaction following LengyelÈEpstein
kinetics. These structures should be observable in experiments
as the LengyelÈEpstein model is a reasonable representation
of the CDIMA reaction and the parameter values investigated
here correspond to conditions accessed in other experimental
studies of pattern formation.

We may also estimate the actual operating conditions under
which such structures might arise. Taking a typical value

mol dm~3, a system with a \ 0.1 and b \ 10~4[I2]0\ 10~3
corresponds to mol dm3 and[ClO2]0\ 4.42 ] 10~3

mol dm3. Taking D\ 2 ] 10~5 cm2[MA]0 \ 3.71] 10~3
s~1 and values for the rate coefficients as given in Lengyel and
Epstein,19 we Ðnd that the critical Ñow rate mm/6 P, cr \ 3.85
min~1 and the wavelength of the stationary pattern in Fig.
8(d) would be 0.4 mm. For a system with a \ 0.5, appropriate
reactant concentrations might be mol[ClO2]0 \ 8.83 ] 10~3
dm3 and mol dm3, leading to[MA]0 \ 7.42] 10~4 /6 P, cr \mm min~1 and a wavelength of 0.85 mm in Fig. 3(d). These14
are all of an order that could well be arranged in experimental
reactors used in other studies.

An interesting di†erence between the present results and
those of Kuznetsov et al.13 and of Andresen et al.14 is that the
Hopf bifurcation to stationary patterns in the reactor is of a
subcritical nature, so that patterns are found for Ñow rates /Pbelow the “critical Ñow rate Ï given by eqn. (28) and there is
hysteresis between the stationary pattern and a convectively

unstable state over some range of Ñow rate. For the Brussela-
tor model, this bifurcation is supercritical and so there is no
hysteresis.
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